This article describes a continuous-time Markov approach to the riskneutral pricing of a credit default swap with counterparty risk. The key parameters in the approach are the transition rates, which naturally incorporate the ideas of contagion. Correlation (which is time-dependent) is a derived quantity, which results from contagion. An expansion in powers of a small parameter (a risk-neutral default probability) allows analytic formulae to be obtained for all relevant quantities. Thus, the problem of the calibration of the model to the market prices of the bonds of the reference entity and the counterparty, as well as to the credit default swap spreads of the reference entity (which are independent of the bond spreads in the case of counterparty risk), is solved. This is done with the help of analytic results for the spread of a credit default swap with counterparty risk, as well as for other derivative prices. A comparison with results produced by the market-standard Gaussian copula approach indicates that the market-standard approach could be significantly improved by allowing the copula correlation coefficient to be time-dependent.
Introduction
The pricing of a credit default swap (CDS) has been treated in Hull and White (2000) , and in Hull and White (2001) . The latter article, in addition to giving a general description of the pricing of a CDS in the presence of counterparty risk, develops a structural approach for the modelling of the default correlations which play a role in the valuation of a CDS with counterparty risk. The model is implemented using a Monte Carlo approach.
This article also treats the pricing of a credit default swap with counterparty risk, but does so by solving a Markov model defined in terms of its transition rates. The dependence between the counterparty and the reference entity is introduced through the transition rates, rather than through correlations, and analytic formulae for all relevant quantities are obtained. These analytic formulae have the advantages of appealing to the intuition, and of allowing rapid calibration and use of the model. Davis (2002) has solved a similar problem to the one considered here, but with a restriction to time-independent conditional transition rates. With this restriction, he is able to calibrate the model if market CDS spreads for the reference entity and for the counterparty are given for only a single maturity, but is not able to calibrate to a term structure describing CDS spreads at different maturities. To calibrate to a term structure describing CDS spreads, it is essential to solve the problem of how to deal with time-dependent conditional hazard rates, and this is done in the present article.
A CDS is a contract that provides protection in the case of a default by some reference entity. An investor enters into a contract with a financial agent called the counterparty. The investor pays the counterparty a premium at regular intervals in return for which the investor receives from the counterparty a payment of the loss on a bond of the reference entity, if the reference entity defaults during the term of the contract. Thus, the value of the CDS depends on the risk of default for both the reference entity and the counterparty, as well as on the dependence of these two risks on one another.
The Markov model will be explicitly constructed for a basket of two obligors, one being the reference entity and the other the counterparty. Since each obligor is considered to be in one of two states, default or no default, the basket of two obligors has four states. The probability of occupancy of each of these states as a function of time is found by solving the appropriate set of Kolmogorov forward differential equations. The key parameters occurring in this set of equations are the time-dependent transition rates (often called hazard rates, or intensities) giving the probability per unit time of making a transition from one state of the basket to another. Ultimately, the four independent transition rates defining the model are redefined in terms of the two time-dependent risk-neutral hazard rates, h R (t) and h C (t), one for the reference entity and the other for the counterparty, as well as two functions γ R (t) and γ C (t) describing the dependence between the two obligors. The quantity γ R (t), called the hazard-rate change for the reference entity, is the increase in the transition rate of the reference entity on default of the counterparty. The hazard-rate change γ C (t) is analogously defined. The dependence of a hazard rate for one obligor on the default state of other obligors is characteristic of the phenomenon of contagion (see ).
The valuation of basket credit derivatives is often carried out with default correlations being considered to be the key parameters because the timedependent probability distribution of the default states can be determined in terms of the correlations. However there are cases where it is necessary to trace the dynamics of the default process in order to value a derivative, and for these cases a knowledge of the correlations is insufficient, and one needs the transition rates. A CDS with counterparty risk, and a first-to-default swap for the case of unequal recovery rates are two examples given below where the valuation requires a knowledge of the transition rates. On the other hand, if the recovery rates of the two obligors are equal, a first-to-default swap can be valued in terms of the correlations.
An important step in the process of valuing a derivative is the determination of the parameters characterizing the risk-neutral probability measure of the basket in such a way as to correctly reproduce the marginal risk-neutral probability distribution for the individual obligors. This is often done by incorporating correlations into the basket probability distribution using a copula approach, as described by Li (1999) . More recently, a dynamic copula approach has been put forward (Schönbucher and Schubert (2001) ). There are many different copulas to chose from, leading to a wide variety of different ways of introducing correlation into the problem. One of the disadvantages of the copula approach, is that the problem of default dependency is handled in a very different way from that of the default process itself. The present article takes a different approach to this problem by working directly with the Kolmogorov forward differential equations. Here too, the probability distribution for the basket is determined in such a way that the marginal risk-neutral probability distributions of the individual obligors are correctly reproduced. However, this latter approach has a greater unity in that both the unconditional default probabilities and the default-correlation coefficient come out of a single dynamical model defined by its transition rates. Another disadvantage of some copula approaches relative to the approach of this article is that they can be overly restrictive in the sort of time-dependence of the default-correlation coefficient that is allowed (e.g. see the appendix). Finally, Rogge and Schönbucher (2003) argue that the standard Gaussian copula implies an unrealistic term structure of default dependencies.
Below, a perturbation method is used to approximately solve the Kolmogorov forward differential equations and hence to obtain analytic expressions for the risk-neutral probability measure for the two-obligor basket, to calibrate this measure in terms of the marginal probability measure of the individual obligors, and to obtain derivative prices. The perturbation approach is successful because of the existence of a small parameter in the problem, namely the riskneutral probability of default of a single obligor. Typical risk-neutral default intensities are of order 0.02 per year, and a typical length of contract for a CDS is 5 years, so a typical risk-neutral default probability is the order of 10%. Below, the necessary results are obtained by expanding in powers of this small param-eter with all terms up to and including those of second order being retained, and those of third and higher order being neglected. Thus, for the conditions just cited, the error due to the neglect of the third order terms would appear to be roughly 0.1%. In fact, for reasons discussed in the numerical example following Eq. 28, the errors in the approximate results for the CDS spreads are even smaller than one would expect on the basis of this argument, and the approximate formulae will be seen to be sufficiently accurate in all but the most exceptional circumstances. A major advantage of the perturbation approach is the ease with which it allows analytic formulae for the relevant results to be obtained.
A simplified result for the credit default swap spread, correct to first order in the small parameter and valid for the case of constant hazard rates h R and h C and hazard-rate change γ R is
where ρ is the recovery rate and T is the maturity of the CDS contract. The case h C = 0 corresponds to the well-known result for the case of no counterparty risk. If h C = 0 and a default of the counterparty causes the hazard rate of the reference entity to change (i.e. γ R = 0), then there will be an effect of counterparty risk on the CDS spread. Note that this effect of dependence increases with increasing contract maturity T , in proportion to the probability of default of the counterparty. Although the quantity γ R is a measure of the dependence between the reference entity and the counterparty, it is a measure that is independent of the correlation coefficient (see below for a clarification of the relationship between γ R , γ C and the correlation coefficient). Also, a more accurate result for s, valid for the case of time-dependent hazard rates, will be given below.
In an appendix, the result for the time-dependent default-correlation coefficient obtained in this article is compared with a result obtained by using the market-standard Gaussian copula approach. The market-standard approach is seen to be very limited in its ability to reflect market prices of correlationsensitive derivatives, and it is recommended that the use of a time-dependent copula correlation coefficient be considered.
There is considerable related literature in addition to that noted above. Markov models have been treated, for example, by Jarrow Lando and Turnbull (1997) ; see also Lando (2004) for a broad discussion and other references. Effects due to contagion have been described by a number of authors, beginning with and Davis and Lo (2001a) . This latter article studies a dynamic Markov model somewhat related to the one studied here. Jarrow and Yu (2001) consider a related generalized reduced form model and use it to price CDS's with counterparty risk. Avellaneda and Wu (2001) present a model closely related to the one studied below, and give an analytic method of solution applicable to the case of time-independent conditional hazard rates (which is not the case of interest here). The work by Davis (2002) , discussed above, is the work most closely related to that of the present article. Further related literature can be found in Giesecke (2004) . The special contributions of this article include the perturbation approach, which allows analytic formulae to be developed for all quantities that one wishes to calculate. In this way, the key problem of calibration to the term structure of the individual obligors, which was not addressed in the articles just mentioned, is solved. In addition, the defaultcorrelation coefficient is a derived quantity, which is determined in terms of the hazard-rate changes defined above, and for which an analytic formula giving its time dependence is presented. The derived time-dependence of this defaultcorrelation coefficient has implications (presented in the appendix) for one's view of the adequacy of the standard one-factor Gaussian copula approach. Also, the analytic formula for pricing a CDS with counterparty risk, and the comparison with comparable formulae for a first-to-default swap with and without equal recovery rates, are of interest.
Bond Pricing and the Risk-Neutral Probability Measure
Consider a reference entity that issues risky bonds. As time evolves from the initial time t = 0, the reference entity can remain in the state of no default, called R, or can make a transition to the state of default, called R. The probability that the reference entity is in state R at time t is determined by the equation
which, assuming the initial condition P R (0) = 1, has the solution
Here, h R (t) is called the transition rate, or the hazard rate, or the transition probability per unit time, for the transition from state R to state R. In this article the transition rates will be assumed to be deterministic functions of time. Later, the approximate expression
will be used. The quantity q Rt , which is approximately the probability that the reference entity defaults by time t, is typically much less than unity. Thus the expansion of Eq. 4 represents the first three terms of an expansion in powers of a small parameter. The following sections will make use of this and other similar approximations, always working so as to include all terms of zeroth, first and second order in this and related small parameters.
For time u > t, the probability that the reference entity is still in state R at time u, conditional on it having been in state R at time t is
Also, the probability that the reference entity makes a transition from state R to state R in time interval (u, u + du) , given that the reference entity was in state R at time t < u, is
Now let the time t price of a (risky) bond of maturity T issued by the reference entity be denoted by W T (t), conditional on the reference entity not having defaulted by time t. It is assumed in this article that there is a liquid market that determines the time t = 0 prices W T (0) of bonds of different maturity issued by the reference entity. Also, let the value of a risk-free savings account that begins with one dollar at time t = 0 be B t . If the risk-free short rate, assumed deterministic, is called r t , then
The discounted time t value of the T -maturity bond issued by the reference entity is now defined to be W T (t)/B t . In order for the probability P R (t) defined above to be a risk-neutral probability, the discounted bond value must be the expected value, under the risk-neutral probabilities, of the discounted future payoffs. For example, suppose that the bond is a zero-coupon bond that promises to pay unity at maturity, and on default at time u pays a recovery Rec(u). Then the bond's time t value must be given by
There are various proposals in the literature for appropriate formulae for the recovery Rec(u). For example, if one takes the recovery at time u to be a fraction ρ of the market value W T (u) of the bond at time u, then Eq. 8 becomes an integral equation for W T (t) which is easily solved to give
where the superscript M indicates the recovery of market value assumption. This result can be found in Duffie and Singleton (1999) . Another common assumption is a recovery of a fraction ρ of the notional of unity, in which case Rec(u) = ρ. The bond value in terms of the transition rate is then
The results of Eqs. 9 and 10 are approximately equal for short maturities, but begin to deviate from one another at longer maturities. Where it is necessary to make a choice, this article will assume a recovery of a fixed fraction ρ of a notional of unity, and will use this same assumption both in the pricing of the bonds and the pricing of a CDS. The calibration process involves picking a recovery model that one believes is appropriate, e.g. recovery of a fraction of the notional, Eq. 10. Then, one fits a model of the time-dependent transition rate to the time t = 0 market prices of the bonds, W T (0) for all maturities for which one has pricing data. (This procedure is described in more detail in Hull (2003) and Schönbucher (2003) for example.) This determines the transition rate h R (t) and thus also determines the risk-neutral probability measure.
In the next section, a second risky entity will be introduced, which will be called the counterparty. It will be assumed that the counterparty also issues bonds and all of the above considerations concerning the risk-neutral pricing of the bonds of the reference entity will also be applicable to bonds of the counterparty. For the counterparty, however, the index C replaces the index R. For example, the transition rate for the counterparty is called h C (t). The equation analogous to Eq. 4 is
Basket of Two Bonds: Contagion and Calibration
In this section, a risk-neutral probability measure for a basket of two bonds is derived. In the context of the credit default swap discussed below, these two bonds will be called the reference entity and the counterparty. The definition of default contagion will appear naturally in the course of the derivation. The basic idea behind contagion is that the transition rates describing the default of one entity are conditional on the default state of the other entity. An important aspect of the derivation will be a procedure for defining these conditional transition rates in a way that is consistent with the unconditional transition rates h R (t) and h C (t) introduced in the previous section.
Since each of the entities in our two-entity problem can be in one of two states (default or no default), there are four states for the two-entity problem. These will be labelled 1 = R C, 2 = R C, 3 = R C, and 4 = RC. Here an overline indicates a state of no default, and no overline indicates the state of default.
At the initial time t = 0, the system of two entities will be assumed to be in state 1. As time evolves, one or both of the entities may make a transition to the default state, but the assumption here will be that the probability that both entities make a transition to the default state at exactly the same time is zero. Thus the allowed transitions are as shown in Fig. 1 . Note that h 12 (t) (or h 34 (t)) is the probability per unit time, at time t, that the reference entity defaults given that the counterparty has not defaulted (or has defaulted). It is useful to define the hazard-rate change γ R (t) by γ R (t) = h 34 (t) − h 12 (t) so that γ R (t) is the change in the transition rate, or hazard rate, of the reference entity when the counterparty has defaulted. Similar considerations apply to the counterparty. Thus, sometimes below, the following substitutions will be made:
This change in the transition rate, or hazard rate, of one obligor when the other has defaulted is often called default contagion. In this article, the dependence between the two obligors is determined by these hazard-rate changes, i.e. by contagion. The correlation coefficient is thus a derived quantity determined by the hazard-rate changes. It will be evident from Fig. 1 that the dynamical equation analogous to Eq. 2 is
where P (t) is the column vector given by P (t) = [P 1 (t), P 2 (t), P 3 (t), P 4 (t)] (the indicates the transpose and boldface indicates a vector or matrix) and
Eq. 13 is called the Kolmogorov forward differential equation for this problem. Eq. 13 can be easily solved in the case that the transition rates in h are constant in time (eg. see Avellaneda and Wu (2001) ). However, it is the intention here to find a solution for the more general case of time-dependent hazard rates.
Furthermore, it is intended to develop a method of calibrating the model to the unconditional hazard rates h R and h C of the individual obligors. It can be seen from the subsequent development that the assumption of constant h R or h C requires a time dependence of the transition rates h 12 and h 13 appearing in h (see Eq. 17). Thus, the assumption of constant h does not seem particularly useful from the point of view of this article.
Eq. 13 will be solved approximately by first integrating both sides with respect to time t and then iterating the result. This gives
where P 0 = [1, 0, 0, 0] is the initial value of P (t). As explained at the end of the previous section, expansions will consistently be carried out up to and including terms of second order in ht. Now the transition rates h 12 and h 13 will be determined in such a way that the conditional transition rates of Fig. 1 are consistent with the unconditional transition rates h R and h C of the previous section. First note that P R (t) = P 1 (t) + P 3 (t). Using Eq. 4, as well as P 1 (t) and P 3 (t) from Eq. 15, in this result gives
(16) Also note that a result similar to Eq. 16 follows from P C (t) = P 1 (t) + P 2 (t). These two equations just obtained can be solved to find, up to and including terms of first order in the small parameters q R and q C ,
With these results, h 34 and h 24 can be written
The results of the previous paragraph allow the probabilities to be written as
where β t is defined by
It will be shown below that β t is the risk-neutral default-correlation coefficient. As a check, note that the probabilities of Eqs. 19 satisfy P R (t) = P 1 (t) + P 3 (t) and P C (t) = P 1 (t) + P 2 (t). Thus, the procedure just described accomplishes the same thing as the more usual copula approach to basket credit derivatives. That is, the probability distribution for the basket has been constructed in such a way that it is consistent with the marginal probability distributions for the individual names. Finally, recall that the correlation coefficient describing the default correlation between the reference entity and the counterparty is defined to be
where λ i (t) is unity if name i has defaulted before time t, and is zero otherwise.
Computing β * (t) using the risk-neutral probability measure defined by Eq. 19 gives, to lowest order in the small parameter
Thus, the parameter β t occurring in Eq. 19 is the default-correlation coefficient, and the probability distribution of the basket is determined in terms of the unconditional hazard rates h R and h C of the two obligors and the defaultcorrelation coefficient β. The result of Eq. 20 gives a model for the default-correlation coefficient which determines it in terms of the hazard-rate changes of the two obligors, γ R and γ C , as well as the unconditional hazard rates. Note that, if γ R , γ C , h R and h C are all constant, correlation coefficient will vary linearly with time. Furthermore, the correlation coefficient has an initial t = 0 value of zero under all circumstances. Finally, note that, like the hazard-rate changes γ R and γ C , the correlation coefficient β is a risk-neutral quantity which can only be determined from the market price of an appropriate derivative (see below). The one constraint on β t is that it must be chosen in such a way that the risk-neutral probabilities of Eq. 19 are positive. Thus, from the last of these equations, it follows that a lower bound on the value of β t is given by
The method employed above, of expanding in powers of the default probability, does not seem to be suitable for establishing an upper bound, as β must have a magnitude which is of the order of that of a default probability in order for the expansion to be useful. (Of course, on general grounds, β must be less than unity.) In the appendix, the time-dependent default-correlation coefficient β t obtained above is compared with the corresponding quantity obtained using the market-standard Gaussian copula approach.
Credit Default Swap with Counterparty Risk
The essential features of the pricing of a credit default swap, including the effects of counterparty risk, have been described in Hull and White (2001) . Such a swap pays the loss (1 − ρ) at the time of default of the reference entity (ρ is the recovery rate) provided the counterparty has not defaulted at that time.
The expected present value of these payments, evaluated using the risk-neutral measure, is V pay = (1 − ρ)A where
Here, T is the maturity of the CDS contract. Premium payments are made only so long as neither the reference entity nor the counterparty have defaulted. The present value of the premium payments, paid continuously at a annual rate of s dollars per year is V premium = sD where
The fair swap rate s is determined by setting V pay = V premium , which gives
Suppose, however, the desired result is a premium (called s δ ) which is calculated assuming the premium payments are made periodically with period δ (e.g. δ = 0.25 for quarterly payments). Then s δ is obtained from
provided the risk-free rate is a constant. It can be seen that the correction accounting for the discrete nature of the premium payments is small, and can be made if desired. The use of continuously paid premiums significantly simplifies the subsequent analytic formulae. A final comment is that the formula for the value of the continuously paid premiums automatically takes into account the accrued payments, which are premiums due on a fraction of a payment period if a default takes place in between two payment dates. However, Hull and White (2001) note that if the counterparty defaults, there should be no accrued payment. Ignoring this fact will not cause a significant error. Because the probability of default of the counterparty during the time of the contract is normally small, the reduction in expected payments due to such a default will be small. Furthermore, the accrued adjustment will be a small fraction of this small reduction due to default. The CDS premium can now be evaluated using Eq. 26 with Eqs. 25, 24, 19 and 17, with the result Table 1 : The exact result s for the CDS spread in basis points is compared with the zeroth-(s 0 ), first-(s 1 ) and second-(s 2 ) order approximations, for various values of the time-dependent hazard rate h R (t), and for the case of no counterparty risk. The risk-free rate is r = 0.05, the recovery rate is ρ = 0.4, and the contract maturity is T = 5 years. The first, second, and third columns correspond to hazard rates per year varying linearly between 1% and 5%, 1% and 11%, and 1% and 41%, respectively.
Here indicates a weighted time average with the weighting factor being the discount factor B −1 t . Thus, for any function of time, f (t),
Also, δf (t) = f (t)− < f >. A numerical example investigating the accuracy of the approximation of Eq. 28 will perhaps be useful. In the case where there is no counterparty risk, Eq. 26 can be evaluated both exactly, using Eqs. 24 and 25, and by expanding in the small parameter, as in Eq. 28, so that this case can be used to test the accuracy of the perturbation method. In the case of a constant hazard rate h R , both methods give the same result, so to get a useful test it is necessary to assume a time-dependent hazard rate. Table 1 shows the CDS spread calculated, for various time-dependent hazard rates, using the exact result s from Eq. 26, as well as the zeroth, first, and second order approximate results obtained from the formulae
These results were obtained from Eq. 28 for h C = 0, i.e. no counterparty risk. Note that even for the exceptionally large hazard rates of the last column (41% per year at maturity) the second order result is a good approximation to the exact result. For more typical magnitudes of hazard rates, for which the first column corresponds to an upper limit, the first order approximate result will be adequate. These approximate results are much better than one would expect for an expansion in powers of the hazard rate. The reason for this is that the final result (Eq. 28) turns out to be not an expansion in powers of h R or q R , but rather in powers of the "fluctuations" in these quantities, δh R and δq R . The various "covariances" of these fluctuations, which are the quantities appearing in the final formula, are considerably smaller than the quantities themselves.
One can obtain a very transparent and simple result by assuming that the two transition rates, h R and h C , as well as the two hazard-rate changes γ R and γ C , are independent of time. With this simplification, only the first three terms of Eq. 28 contribute, and the formula for the CDS premium becomes
Also, the same simplifications result in a correlation coefficient given by
Eq. 28 for the CDS premium deserves some comment. Firstly note that the largest contribution to the CDS spread is the term (1−ρ) h R , which is independent of whether or not counterparty risk is considered. The leading term which arises from counterparty risk, (1 − ρ) γ R q C is small in comparison. Secondly, note that in this equation, provided there is some time-dependence to h R , the dependence between the defaults of the reference entity and the counterparty is characterized by the two independent quantities β (which depends on both γ R and γ C ) and γ R . It is clear that data on the market price of a CDS can determine only of these parameters in terms of the other. If h R is constant in time, however, the correlation coefficient β drops out (e.g. see Eq. 31) and the parameter γ R can be estimated from market data on a CDS. In any case, the risk-neutral probability measure can not be completely determined by market data on the CDS as well as on the bonds of the two obligors. It is also of interest to note that, in principle, one could have a correlation coefficient of zero, and still have an effect on s due to the dependence between the reference entity and the counterparty if γ R q C = −γ C q R = 0.
To gain further insight into the significance of the hazard-rate changes relative to correlation, it is useful to evaluate the premium for a first-to-default swap (FtD) on the basket consisting of the reference entity and the counterparty. It will be assumed that the notional for both entities is unity, but that the recovery rates can be different (ρ R and ρ C for the reference entity and the counterparty, respectively). The present value of the expected payoff for the FtD is then
As in the case of the CDS, premium payments are made so long as there has been no default. It will be sufficient for the present discussion to give the results only for the simplified case where h R , h C , γ R , and γ C are constant. In this case, the FtD premium rate w is given by
Note that if the two recovery rates are the same, the two hazard-rate changes γ R and γ C combine in such a way that the correlation coefficient is the only independent parameter (not counting h R or h C ) in the expression for the FtD premium. On the other hand, if the two recovery rates are different, the two hazard-rate changes play independent roles in the formula, and the FtD can not be described only in terms of the correlation coefficient. If ρ C = 1, so that there is no payoff in the event of the default of the counterparty, the formula for the premium of the CDS with counterparty risk is recovered.
Conclusions
This article has studied a CDS with counterparty risk within the framework of a basket of two obligors (the reference entity and the counterparty). An approximate but accurate analytic solution to a Markov model describing transitions between the states of the basket and characterized by a set of deterministic transition rates (or hazard rates) has been given. The analytic solution allows easy calibration of the model to the market prices of the bonds of the individual obligors. This determines two of the model parameters in terms of the hazard rates of the two obligors. There are two additional independent parameters in the model, which describe the dependence between the two obligors. An analytic formula for the spread of a credit default swap with counterparty risk has been given, and this formula can in principle be used to determine one of the two dependency parameters of the model from market data on the price of the CDS. There is thus one undetermined parameter in the risk-neutral measure. This final parameter could in principle be found if a first-to-default swap on the two-obligor basket existed. Finally, in the appendix, some results of this article concerning the time-dependent default-correlation coefficient are compared with results obtained using the market-standard Gaussian copula model; it is concluded that the market-standard model is very limited in its ability to price correlation-sensitive derivatives, but that these limitations could be largely overcome (for a basket of two obligors) by using a time-dependent Gaussian correlation parameter.
A Time-Dependent Gaussian Copulas
This appendix first evaluates the time-dependent default-correlation coefficient β t for two obligors using the so-called market-standard one-factor Gaussian copula method. The effect of varying the magnitude of the Gaussian copula correlation coefficient β G will be found to change the overall magnitude of the default correlation, without significantly changing the shape of the graph of β t as a function of time. However, as noted above, β t is a risk-neutral correlation parameter with a time dependence that can in principle be varied more or less arbitrarily (within certain bounds) in order to fit the market prices of correlation-sensitive derivatives. The market-standard Gaussian copula approach clearly does not have the flexibility which is required to produce default-correlation coefficients with the necessary more or less arbitrary time dependences. The market-standard Gaussian copula approach uses a copula characterized by the same correlation coefficient, β G , at all times. However, there is no fundamental reason for taking β G to be independent of time and this appendix therefore advocates that in general the market-standard approach should be extended to include a time-dependent correlation coefficient β G (t). This will at least enable the market-standard model to, in principle, successfully price correlation-sensitive derivatives based on a two-obligor basket.
For the details of the implementation of the market-standard one-factor Gaussian copula model see, for example, Hull and White (2004) . For simplicity, consider here a homogeneous portfolio of obligors for which the marginal probability that a given obligor defaults by time t is Q(t) = 1 − exp(−ht).
The quantity h is the hazard rate, which is assumed constant and the same for all obligors, and which will be taken to have the value h = 0.02 in this example.
To implement the factor model, define the random variables x i (i is the ith obligor) by
where M and Z i have independent zero-mean unit-variance normal distributions. The correlation coefficient of the variables x 1 and x 2 is called the Gaussian copula correlation coefficient β G (t) (= a 2 t ). The probability that a given obligor defaults before time t, given a fixed value of the factor M is
where Φ is the cumulative normal distribution function, Φ −1 is its inverse, and
The market-standard Gaussian copula approach which is found in the literature takes the parameter a t (and hence β G (t)) to be independent of time. The time-dependent default-correlation coefficient β t calculated using the one-factor Gaussian copula is shown for various assumptions for the Gaussian copula correlation coefficient β G .
It was noted in connection with the study of the Markov model above in this article, that if all of the relevant hazard rates are constant in time (which is not an unreasonable case to consider) then β t will vary approximately linearly with time. The market-standard model clearly can not reproduce such behavior. It is easy to remedy this defect, however, by allowing the Gaussian correlation parameter to be a function of time, β G (t). Under this change, the Gaussian copula method maintains the property that the marginal default probabilities have their required values. As an example, Fig. 2 shows that an approximately linear time dependence of β t is produced by the choice β G (t) = 0.2t 0.35 . More generally, suppose that a definite time-dependence of β t has been established by fitting the model developed earlier in this article to the market prices of a correlation-sensitive derivative. Eq. 21 can then be used to find E(λ R (t)λ C (t)), after which Eq. 39 can be used to back out the appropriate time-dependence for β G (t).
The conclusion is that the market-standard Gaussian copula approach must be modified so as to include a time-dependent Gaussian copula correlation parameter if it is to give a satisfactory framework for pricing correlation-sensitive derivatives in even so simple a case as a basket of two obligors. Similar remarks will apply to some other copulas.
